ontyiloutions Yeo the 


Sol ution °F ne 
“Re \Vian E.quation. 


Wein sheimer 


ee Hes 
Peragechcaapitrnes 

16 
ataek eats 


asiial Winans 
wea heads 7 


Aah, 


aie 


ay te) anche 


HD 90 chaise 


Fk 
: apt 
7 “ i 


(ee on tna 
bt aisnedenmel 

am vsaamtait 
rH 


98 
teria 


Nt sith gh Thsae os Hy 


ve 


iy 
ay 


es 


hee 
sie 
on 


= 


cae oe 


mee 
os 


Avge 
ad 
ie 


es 


Bee Mia ece) 
bie 7) 


A 
ant 


i 
ee dee 
i Ae aerigeaae 
ae wits, Pre Tan 


ie 
ue 
ean 


a ae 
TNE 


Roy 
ie 


oh Fee 33 -24~ feds 


CONTESTS 


Origin of the name, Pellian liquatione 
befinition. 

Relation to square root approximation. 
The most ancient Hindu solutions. 

The most ancient Greek solutions. 
Archimedes. 

Heron of Alexandria. 


Diophantus. 


5939331 


an and a has rarely been 
bd sag nat ell had little td do with 40) 
ld be like trying to give another name to 
Vespucius was not its discoverer. In referring — 
tion, modern mathematicians have not | | 


Lis, Brouncker, Gauss and the hundreds of | 
uted to the history of the subject, just as 
procity theorem to bear the name of Legendre, 
‘failed to recognize the work of Kronecker. Ifthe 
iged, however, then such expressions as Pellian 

Pellian terms, Pellian numbers and Pellian fantovizations, 
. the connection of Pell's name with the equation, 


; solution which was yoni; the 
Lord Brouncker. Ruler in his cursory reading of \allis's 
rt have confused the contributions of Pell and Brouncker.” 
gives Pell credit for.certain researches in indeterminate 
‘ gist where A 1 =» X* i8 discussed, only Brouncker's 
S are set forth. The assgrtion a Hankel, for example, that 
treated of the equation Ay*~ 1 = rests upon a misunderstanding. 
gaid, “Pell has done it no other service than to set it 
again in a much read work", i.e. in the notes to the English 
tion which Branckgr, in 1668, published of the "Teutschen 
." of Rahn. Konen" says that, in the only copy which he could 
of this work, there is nothing relative to this equation and 
, that it is very probable that Pell never considered it. 
2 holds the same opinion, basing it upon the examination of 
sopies of Rahn's Algebre. Nevertheless it seems not improbable 


olved the equation for My find it discussed in Rehn's 
der the form X #1 layy %ZZe This shows that Pell hed some 


ace with the Pellian leu kten and that Euler was not 30) fA 
e ner when ke attributed to Pell work upon it. 


. “Uber den Deliv i Ausdruckes 'Pellsche Gleichung'" 
ja Mathematica, vole 1L (3), p.360, Leipzig, 1901. 


ee 


trom, ier den Ursprung der Bennenung Pell’ sche Gleichune’ , 
b iotheea Vathematica, vole 111 (3), pe204, Leipzig, 1902. 


aie ipa wan du tebdue tion to algebra, translated out of the 
gh Dutch into English by Thomas Brancker, M.A. much altered 
ad a aan iil is ae ‘ py London 1668. 


ety le ager ty 


se lia éutieet on iit & such generalizations as x2-ay2s £4. 3 
oe :, yenA « it has been customary to restrict A to a ‘ie 
ive non-square integer and to seek integral solutions for X and y. 
s evident that no generality will be lost if the solutions are 
‘ur t er restricted to positive integers. If it were permitted to make 
1 there would be only two solutions_in ansaye oS 5 Beck tes 
A = «1, only four solutions, Xe #1,y 8 
for A>1, eon sl has an taavaiy mony solutions. However from 
ry two solut ons Xx iX & Same foes ferent « Vi third 
1 be secured rt thg A Towin Reis, (Xz +971 VA) (Xo ty VA A) 
(, Xo taya Yo +(x 2+ x91) ind namely, 


xX = Xy Kota ¥; v2 
-y © KX, Yot%a Fy 


X, yy 48 the fundamental solution - the solution in smallest 
‘integers - neither however being 0. 


illustrate: Given the equation X2 - 3y2 = 1. 
Here X, = 2 Xo 7 
yu zi yo =4 


fron the identity (2473) (7t4V3) 2 14tisi3ti2 = 26t5)5, 
pee X ® 26 and y #15. 


ao t¢ 


A third solution can be secured 


t is evident that the Pellian equation is closely connected 

ne primitive methods of approximating a square root. Among 

he rst definite traces that we have of these methods of approxima- 
ion are those found in the dimensions of ancient structures, such as 
} Egyptian pyramids, the Parthenon and other temples on the Acropolis 
Athens, and altars and temples in many_places. For example, the 
ncipal room, called the King's chamber+, in the pyramid of Cheops,. 
_for the ratio of its height to its breadth about 1.117 or nearly 
| Showing that thé architect must have known the approximate value 
this surd and it is suggestive when we note. * the 52 this is one half 
atio X : y of some of the solutions of X @ 1. The ratio 
: 12 is foun many times on the Acropolis and ad eA9,:y¥ & i2 
isfies X°-2y*= 1, These solutions are interwoven va Fi the number 


ry of Pythagoras and his followers and the ancient tradition that 
agores had obtained his knowledge of numbers by_a sojourn upon 

phrates is strengthened by recent discoveries“. ik wah solutions 
und in conneetion with the mystic Platonic number. 


The swell of the extraction of square roots is not attached 

the decimal system, as is the present usual custom, nor to the 
tagesimal system as was the custom of the Greek astronomers. The 

+t that tables from the temple library at Nippur and from the library 
Sardanapulus 1V at Babylon has an important bearing on the methods 
dution of the Pellian equation. It is therefore quite possible 
solutions of this equation extend back to the ancient Babylonians 
ears ago. 


first approximation to/2 appeared both in Indie ana in 

yout 400 B.C. The younger Pythagoreans (before 410 B.C.) 

dad and proved the incommensurability of the diagonal and side 
e and set forth certain approximations. The Sulva-sutras 


or ‘fifth century before Christ. The fact that these 
tions appeared about the same time in Greece and India and 
e first step in» these approximations appears so simple, a 
te the independence of the Hindu and Greek mathematicians. The a 
esses of root approximations were developed differently by the ce 
us and the Greeks. This adds probability to the idea of independ- 
nt discovery. Indeed, we fail to find any definite connection be- 
en the Greek and the Hindu algebra. Each starts with a simple 
roximstion to the square root of a number and seeks from this 2 4 
ser approximation. The Hindus were skilful calculators but Mediocre _ 
rists, while the genius of the Greeks tended more towards geometry. 


 R, Ae c, "Das Theorem des Pythagoras", pe48, Haarlem, 1908. 


; Beis ‘Hilprecht, "Mathematical, meteorological and chronological 
tablets from the temple library at Nippur", vol. XX, part 1 of 
Series A, cuneiform texts, University of Pennsylvania, Phila fe 1906. 


S. Gunther, "Die Platonische Zshl", pe5, Dresden, 1852, 


a One of the monuments of the old Hindu mathematicians is thet 

eur ious work, the Sulva-esutras, or "Precepts of line". These books 
contain rules to be observed by the Brahmins in the const ruction of 
their altars and give close approximations for 2. Baudhayana, the 
author of the oldest of these works, uses first the approximation 17. 
z ives this ruke in relation to the approximation for the , 
lagonal of a square, “Increase the measure by its third part and this 
te rule © red she owm Se ince “ at ths oe part of that fourth". 
e rule evidently means a 2s alk The result 
; 79 ey 345 

97« furnishes a solution of the Ske equation ait 1, ies 


#08 332,929 - 332,928 = 1. 


_ Perhaps some of the first approximations were found by trial with 
bles, taking a square number and attempting to arrange in two equal 
uares and repeating the process with other squares until close 
roximations were obtained. If 289 pebbles arranged in » square were 
en up and rearranged in two squares ef 144 each with 1 excess, a 
ution of bev Pellian equation X“- 2y“ * 1 would be ‘ound in which 


a ypose B to be a first approximation of the squar Pht ) 
er A, and*that another is built up from it, thus, A~wDp, - 


~ Pts Py , where p- - Ag? 2a - R, and ~is to read 4 
GQ epg q 
roximates". Let us examine the first extraction of V2 of which 


ave knowledge, those of the Sulva-sutras just mentioned. Suppose 
peen found by uy at as an approximation, Vaiw Qe we have 


he + hts =i = 27 and Ver dl + = Alt where* 3,2; 
yu e are solutions of X Where R = ~ 1, we have 
series of solutions for the Pellian equation X2 - Ay? = 1. 


‘Baudhayans sometimes used for 3 the approximation igi for he 
gave for the area of a circle { 1 * z° |] + Here q-2s evidently 
the early writings of all orienjal nations. 

and ~w ld ¢ 2~,26+ Baudhayans also knew the 


more exact value, Vine y3~ 26 Me TE 1igee Both 26, 15 
a 2626015 
end 1351, 780 are solutions of RS RT equetion 4 ~ 3y* ls 


LM. simon, "Geschichte der Matnematik in Altertum", pe157 Berlin, 
1909. 


-" With the same starting point, yiw , the Greeks_were led by 
somewhat different rules to closer approx tions of A but still b; 
methods in which the approximations satisfy the equations XeAys=t1. 


ic: 


— A Se +B | 
If C (Fig-1) is the mid-point af the hase of an isosgeles rpent triangle 


—, and D any point on AB, then ap +...’ = 2aC +2 Ge . For it 
@Z is the point where the perpendicylar at D meets 3B, DBj= D4 gor 2 
“LB © 45° and therefore <DZB 2 458. “hercfore <— ., 
he skh +HZ 2 2 AC +20. Then 2 AG + AD * DB - 2 GD 

tfc) = q and BD =p, AD = BC+CD *Ptata = pt2a ep, AC s BC 
atp 74, #£Then 2 q oe py = - (2 q* - p*). This enables us to derive 
|fxom ong integral solution, p, q, of one of the two equations 

ef - 2y* = t1, a solution, py» 4), for the other, always in larger 


To iliustrate : x? = 2y* @ «1. p 21, q #1 is a solution. 
mee Wt eR 4 Ae D3) Gc atp fil = 2. Now py = 33 4) 2 2 
is a solution of X* - 2y"s l. 


Also p= 7,aq995 is a solution of x° - oy" —. Py en " 
+10 * 1; S50 tT POF = oe te p> 1.q. @ ee ie 8. 

a bovutton 7s Wyed Sys ai7 ” ain 

“As Proclus pointed out, the Pythagoreans proceeded as follows: 
In AB (Fig.2) construct « square and draw its diagonal BE, On the 
prolongation of AB lay off BC = AB and CD = BH. Then __ ¢ 
| Le 2 2 CD 2 2 AB. 
jaccording to the Pythagorean Theorem,“ _.-——Ss =_:« ( ABYBD) 2. (Bp-AB) ? ~ 
e AD +¢D ' 


| 


eae 


Ke 
F. 
e 
A’ . + H 
” “ x ge 2 ; 
Consequentl after subtraction, AD = BD . ,Now erect on BD a 
square and tray its diegonal, Then 3 ie . Therefore * i 
DF = 2 BD Dy  *° AD 


‘and DF « AD * 2 AB+BE. Upon the prolongation of AD, lay off DG = BD, 
ena G H = DF; and on DH erect a square and draw its diagonal HK. 

Then, by similar steps, HK = BH + 2 BD+DF. Yt is clear that, in 

the continuation of this construction, in each new square the 

' diagonal equals the sum of the diagonal and double the side of the 
previous square. 


Tf we designate the sides of the successive squares by Bi» So» 
Bas eseeoee, and the corresponding diagonals by dy» a. a3, deSeeet 
; we have the double series, . 


i 8 . By tay "3 * 8, + do e9enoeae 


d Ow 2B T Mas cca ccs 
_in which the double square of each term in the upper line is equal 
_to the square of the corresponding term in the lower line. 


This geometric proof was, however, for the Pythagoreans the 
introduction to some fine considerations in the theory of numbers. 
If they set s 21, then d «772, an "unspeakable" number and in this 
connection comes into view the pnTn 414 weTpOS, the, nearest intecer, 
_ the number 1. Then they compared the square of the ap pos and 
the Paty diapetpos, the first 2, the second 1, the difference 1. 
Distinguishing the successive Py7al diapeTpot as G, Jp) dy) vr and 
Substituting them in the double series they change to, 


eos | 325, +622 ee RA a 


U 


We Oa 0Gee- 9s Ge es eT eee: 


‘Now no longer, as in the first double series, does the square of 
ach lower member equal double the square of the upper, but the 


‘difference is constantly 1 and alternately + and — . Hach dy Sa 
‘is a solution of one of the Pellian equations ¢*~2s*: t/ , 


ee 
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4 ‘Besides the geometric motive which led to the discovery of 


epproximationsfor Y2, problems of music hlso led to new researches 
to determine as exactly as possible Wa. The Pythagorean concept 

£ the harmonic mean, as its name implies, ig derived from a 
problem of music. As the solutions of X tay2 = +1 were evidently 
wade in order to obtain approximations to the J2, 30 when we find 
Archimedes* giving without explanation the fractions 265 and L3eh 
4 153 7 
as approximations to \ 3, the most natural hypothesis is that he 
obteined them from similar equntions with 3 substituted for 2, 
Archimedes was the first Greek mathematician who was not content to 
Speculate over irrationals but handled them in computation. He 
expressed the sides of regular inscribed and circumseribed polygons 
in terms of the radius of the circle. in particuler for a regular 
hexagon he gave the proportion r:; ” 23! and then set 


L >y3 > 28 « There has been much speculstion as to how these 


approximations were obtained, If B is an approximation fgr the N3, 
en 3g is and we take Py * pt 3q, “and qd, * Pras Then in aa 344 3 


fe (p* - 302) 


To illustrate, if p * 2 and q @1, the difference > +1 
Py = 5, (p+ 3q) and q + 3, (p+ aq); the difference = #2 


Po = 14, (Pp, +3a,) and a 6 8, (Pi) +a), the difference # 4, 
(196-192), ete. 


So we see that if we start from the difference +1 (as for p = 2 and 
q * 1), the following difference will be -2 and the next +4. But the 
terms of the corresponding relations are even numbers, as it is easy 
0 see. Therefore if we take 2p = Py +34, and 245 8 Pi +4) we find 


+2 agein for a difference, thus: 40° - 340" si. To illustrate, p. 
and a," instead of being equal to 14 and 8 respectively es above, 
are taken as 7 and 4 respectively and we then have 72 3.47 = il. 


We obtain then 3 comp ete series,of sodutions as follows; writing the 
‘Solutions for X< - = 1 and X* - 3y* = -2 in separate rows, 


i ee ee ee 
Pe Bo OR 


The approximation in the second row is obtained from the 
pproximation slightly to the left in the first row by the use of 

i = p+3q and q; s ptqe So also are the approximations in the 
irst row obtainéd from those in the second row slightly to the left. 
Let us see how an approximation in the first row is obtained from 

he approximation next to it and on the left in the same row. 


me pt3qt3 (ptq) - 2p+3q 
a p+3qat+p+q Oe Teg 


ptq 


So we see that an approximation either in the first row or second 
row is obtained from the approximation next to it and on the left 
nd in the Same row by the use of P, = 2pt+3q and q; = pt2q-e From 


i 


wt 
a 


of ‘Alexandria is noted for his approximation to 

onnection with finding the ares of an equilateral 

He found approximations to many other surds, giving 

ich correspond exactly to solutions of the Pellinn equation. 

orm in which Heron expresses the approximationSis suggestive of 

yotian methods. ‘The following are a few of his approximations wi th 
ir connection indicated: | 


36 He 


Corresponding to 


. Equivalent the fimdamental 
Heron's Approximation fraction solution of 
: Mb 3 14 
i. 
oe tha kh) 244 x? - 135y 
pte teeth. 21 
Pas | 2 
~ 3942.1 2024 = ~ 15757 
a Sth | or 
M4242 484 x22 2léy* #1 
“+ $t3, =e 
2 
~ Oth +) 361 x“ = 720y* # 1 


Diophantus flourished about 250 ‘.D. gtennedy thinks that 
ntus may have discussed the equation xX 2 1 more fuliy in 
_part of the Arithmetica which is lost. This is his suggestion of 
phantus might have proceeded to find » more generel solution, 


; oe. x2 
from a ven solution e ec don x 2 il Let 
° gi Pe gr “hay? apes S ae + ion a fe~ Go 


ap, and q. 5 xX+q; en 
AQ” si. then since p a. Ad? zl, xe yaad : a 


5 (ptt abe . 2 
% = (mit Abpt2 Amd» 4) « 2umt(y"t Ao 


- Ag If an integral solution is wanted it 
ft. Ba 5s tes for m where a; a ws a solution of the 


3 AW 1; i-e., another solutio gi - Ni nal equation. 
(ue nerf +p +2 Auvqd, a, # 2 puv + 0 ‘} ave) In order to 
bove values for p, 4, correspond with the oie ler values 
age bfor the solution of the equation X* - 3y at 1, it ie 


ake u, VV, @2S a solution of the - aoa alg 3y “De 
» vel, satisfy the equation #2, we have 


6 uve = 4 t6q #-(2p +3q) and 48 2 py ut 243") s 
“22 we 4 
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